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strategy for alkali-surfactant-polymer (ASP) flooding. In this process, the non-uniform control vector parameter-
ization is introduced to convert original problem into amultistage optimization problem, inwhich a newnormal-
ized time variable is adopted on the combination of the subinterval length. Then the rationalized Haar function
approximationmethod, inwhich an auxiliary function is introduced to dispose path constraints, is used to trans-
form the multistage problem into a nonlinear programming. Furthermore, an adaptive strategy proposed on the
basis of errors is adopted to regulate the order of Haar function vectors. Finally, the nonlinear programming for
ASP flooding is solved by sequential quadratic programming. To illustrate the performance of proposed method,
the experimental comparison method and control vector parameterization (CVP) method are introduced to op-
timize the original problem directly. By contrastive analysis of results, the accuracy and efficiency of proposed
method are confirmed.
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1. Introduction

Alkali-surfactant-polymer (ASP) flooding is an important tertiary oil
recovery technology. The basic idea is: utilize three displacing agents
(alkali, surfactant and polymer),whose synergistic effects are important
to enhance oil recovery and to change the physicochemical property [1].
Since the price of displacing agents is expensive, how to determine the
injection strategy tomaximize the profit asmuch as possible is always a
challenging problem.

In current industrial application, the index comparison method,
which is also called the experimental comparison method, is usually
adopted to select the injection strategy, in which the best one is chosen
among some given feasible strategies by simulating on the numerical
simulation software according to a defined index [2]. However, it is
too dependent on the experience of experts. The optimization result
may not be optimal. While the optimal control technology can search
for the optimal control strategy from all feasible solutions with consid-
ering the process dynamic characteristics. It can realize the simulta-
neous optimization of all variables. It is suitable for the optimization of
ASP flooding. Some scholars have studied on the optimal control for
oil exploitation. Lei [3] presented a mixed-integer iterative dynamic
n of China (61573378) and the
(15CX06064A).

g Society of China, and Chemical Ind
programming (IDP) to optimize the polymer flooding and had gotten
good result. Ramirez and Fathi [4] optimized the injection strategy for
enhanced oil recovery of surfactant flooding with optimal control
theory, in which the necessary condition of optimal control was de-
duced on the basis of maximum principle before getting solved by gra-
dient method. Furthermore, this method was applied to carbon dioxide
flooding, nitrogen flooding and binary system flooding [5]. Most of the
researches are about water flooding and single chemical flooding. The
optimal control for ASP flooding needs to be further studied urgently.

Numerical methods are usually adopted in optimization, which can
be divided into two classes: direct methods and indirect ones. Direct
methods include the control vector parameterization (CVP) [6], the di-
rect multiple shooting [7], the full discretization [8], etc. What differs
with these methods is how to select the kind of variables to be
discretized andhow to approximate the systemequations. However, di-
rect methods may bring about unsatisfactory results especially when
the control variables are discontinuous, such as with switching points
and singular arcs [9]. For these reasons, the reasonable discretization
methods for variables and approximation methods for system equa-
tions are quite important. On account of the above, an adaptive CVP
method was proposed in reference [10], in which the problem was
discretized adaptively over time spans. The discretization was sequen-
tially refined based on a wavelet-based analysis of the optimal solution
whichwas obtained in the previous optimization step. As to the approx-
imation methods for system equations, Haar function approximation
method, which is a major kind of direct methods, has been widely
ustry Press. All rights reserved.
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used in recent years [11]. Li [12] presented a numerical method based
on quasilinearization and rationalized Haar function to solve nonlinear
constrained optimal control problems. Oruç [13] investigated numerical
solutions of the regularized long wave equation by using Haar wavelet,
combined with finite difference method. Swaidan [14] proposed a nu-
merical method for solving nonlinear optimal control problem with
state and control inequality constraints. After being processed by the
Haar wavelet operational matrix, themethod was applied to solve opti-
mal control of multi-item inventory model. Haar function, which only
consists of three values: +1, −1 and 0, has simple structure and is
easy to use. Although many researchers have studied on Haar function
methods, the order of operational matrix in most of them cannot regu-
late adaptively. In calculation, if the order is too low, the accuracy cannot
meet our demand. But if it is too high, this will increase computational
burden. It is important to find a suitable order.

In view of above presentations, an optimization method for solving
the optimal injection strategy for ASP flooding is developed in this
paper. The original optimization problem is transformed into a multi-
stage problem by non-uniform CVP firstly. Then the adaptive rational-
ized Haar function approximation is adopted to approximate the
states and controls with errors regulating the order of operational ma-
trix. After being transformed into a nonlinear programming (NLP), the
problem is solved by sequential quadratic programming (SQP). Finally,
the experimental comparison method (ECM) and CVP method are in-
troduced as comparison to optimize the enhanced oil recovery of ASP
flooding to illustrate the effectiveness of proposed method.

2. Problem formulations

2.1. Mechanism model description for ASP flooding

In the optimal control problem for ASP flooding, the control vari-
ables are the injection concentrations of three displacing agents (alkali,
surfactant and polymer) at all injection wells, the states cover grid con-
centration andwater saturation, and the performance index is themax-
imal NPV. This is a complex distributed parameters control problem
aiming to get the optimal injection strategy to fulfill the maximal profit
and enhanced oil recovery [15]. Since the three-dimensional model for
ASP flooding, which includes a series of divergence and cross terms, is
too complex, only the one-dimensional model is considered in this
paper.

Considering a long tube core with diameter d and length L, inject the
displacing agents liquid with flow Q from one side at a constant speed,
the core porosity is ϕ and the residual oil saturation is Sor. On the basis
of the model assumptions in references [1, 2], we add the below
assumptions:

(1) The stratum satisfies heterogeneity, the whole reservoir is iso-
thermal, and the adsorption process complies with the Langmuir
isothermal adsorption equation;

(2) The oil displacement system is composed of alkali, surfactant and
polymer. All displacing agents exist in water phase, while only
surfactant exists in oil phase;

(3) The Darcy law is fit for the flow of oil phase and water phase;
(4) The phase equilibrium is set up instantly for all kinds of adsorp-

tions which satisfy the generalized Fick's law;
(5) The fluid and rock are slightly compressible. Consider the effects

of capillary force and gravity, and ignore the quality variation
caused by the addition of displacing agents. Consider the perme-
ability changes and the inaccessible pore volume of polymer.

On the basis of the oil/water seepage continuity equations and
adsorption diffusion equations of displacing agents, combining mass
balance conditions we can obtain below model with interaction of
alkali, surfactant and polymer fully considered.
The seepage continuity equation is

∂Sw
∂t

¼ −
Q
Aϕ

∂ fw
∂x

: ð1Þ

The adsorption diffusion equations of surfactant and polymer are

ϕSw
∂CΨ

∂t
¼ −vw

∂CΨ

∂x
þ ∂
∂x

DΨϕ
∂CΨ

∂x

� �
−ρr

∂ΓΨ
∂t

;Ψ ¼ s;pf g: ð2Þ

The adsorption diffusion equation of alkali is

ϕSw
∂Ca

∂t
¼ −vw

∂Ca

∂x
þ ∂
∂x

Daϕ
∂Ca

∂x

� �
−ρr

∂Γa
∂t

−Ra; ð3Þ

where a denotes the alkali, s denotes the surfactant, p denotes the poly-
mer, Sw is the water saturation, A is the core cross section area, fw is the
moisture content, vw denotes the seepage speed of water phase, Ca, Cs,
Cp and Da, Ds, Dp denote the concentration and diffusion coefficient of
alkali, surfactant and polymer respectively. ρr denotes the core density,
Γa, Γs, and Γp are the adsorbing capacity of core for different displacing
agents, and Ra is the alkali consumption.

The initial conditions are

Sw xtð Þjt¼0 ¼ 1−Sor; ð4aÞ

CΘjt¼0 ¼ 0;Θ ¼ a; s;pf g: ð4bÞ

The boundary conditions are

fwjx¼0 ¼ 1:0; ð5aÞ

Swjx¼0 ¼ 1−Sor; ð5bÞ

∂CΘ

∂x x¼0 ¼ vw
DΘϕ

CΘ−uΘð Þ; ∂CΘ

∂x

����
����
x¼L

¼ 0; ð5cÞ

where uΘ denotes the injection concentration of displacing agents,
which is the control variable.

In application, the slug injection strategy is usually adopted. Suppose
that there are P slugs.

uΘ tð Þ ¼ uΘi; ti−1≤t≤ti; i ¼ 1;2;…; P;
0; tP ≤t≤t f ;

�
ð6Þ

where ti denotes the time node, the length of every slug is Ti= ti− ti− 1,
uΘi denotes the injection concentration of displacing agent Θ in slug i.
Fig. 1 shows a three-slug injection scheme.

Furthermore, the dosage limit of displacing agents is

XP
i¼1

uΘi � Tið Þ≤MΘp; ð7Þ

where MΘp denotes the maximum usage of displacing agents Θ.
The injection concentration constraints and slug size constraints are

0≤uΘi≤uΘ max;
XP
i¼1

Ti ¼ tP : ð8Þ

The maximum economic profit is chosen as the index, the specific
description is

max JNPV ¼
Z t f

t0
1þ χð Þ−t ξo 1− fwð Þqout−ξΘqinuΘ½ �dt; ð9Þ

whereχ denotes the discount rate, qin, qout denote the volume flow rate
of injection and production.
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Fig. 1. Three-slug injection scheme.
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The other physicochemical algebraic equations can be found in
Appendix A.

2.2. Optimization problem formulations

To make the problem more concise, we use w ∈ Rnw (CΘ, Sw, ΓΘ) to
denote all states and u ∈ Rnu (the injection concentration of all
displacing agents uΘ) to denote all control variables. Apply the finite
difference method [19] to discretize the space variable, and keep the
time variable same. Thus the PDEs can be transformed into ODEs with
respect to time t. Then the optimization for ASP flooding can be
reformulated as below problem.

max J ¼
Z t f

t0
g w tð Þ;u tð Þ; tð Þdt; ð10aÞ

s:t:
_

ẇ ¼ f w tð Þ;u tð Þ; tð Þ;w t0ð Þ ¼ w0; ð10bÞ

φ w t f
� �

;u t f
� �

; t f
� � ¼ 0; ð10cÞ

c w tð Þ;u tð Þ; tð Þ≤0; ð10dÞ

uLB ≤u tð Þ≤uUB; ð10eÞ

where f(g) ∈ Rnf denotes the system process function. The path
constraints and terminal constraints are expressed as c(·) ∈ Rnc andφ(·) ∈ Rnφ, respectively. uLB, uUB denote the lower bound and upper
bound of control.

3. Adaptive rationalized Haar function approximation

3.1. Multistage problem formulation

Since the three-slug strategy is applied in oil exploitation, the control
variable in Eqs. (10a), (10b), (10c), (10d), (10e) is discontinuous. To
cope with the discontinuity points of control variables preferably, the
non-uniformCVP is adopted to convert the original problem into amul-
tistage problem (MSP) [16]. The main idea of this process is to
approximate the control with piecewise function. Discretize the whole
time domain [t0,tf] into K uneven time periods. The specific time control
nodes are

t0 b t1 b t2 b K b tK ¼ t f : ð11Þ
Approximate the continuous control variable with piecewise function
in every period, that is

u tð Þ ¼ ûk; t ∈ tk−1; tk½ �; k ¼ 1;2;…;K: ð12Þ

Furthermore, a new time variable τ is defined to deal with the time
variable,

τ ¼ t−tk−1

tk−tk−1
; k ¼ 1;2;…;K: ð13Þ

Then every original subinterval t ∈ [tk − 1, tk] is transformed into
τ ∈ [0,1].

Take the derivation of Eq. (13) with respect to τ, then

dτ ¼ 1
tk−tk−1

dt;1≤k≤K: ð14Þ

Definew(k)(τ), u(k)(τ) as the state and control on kth period, respec-
tively. Then Eqs. (10a), (10b), (10c), (10d), (10e) can be reformulated
as below.

max
u kð Þ τð Þ;tk

J ¼
XK
k¼1

tk−tk−1ð Þ
Z 1

0
g w kð Þ τð Þ;u kð Þ τð Þ
� 	

dτ; ð15aÞ

s:t: _w kð Þ τð Þ ¼ tk−tk−1ð Þf w kð Þ τð Þ;u kð Þ τð Þ
� 	

;w 1ð Þ 0ð Þ ¼ w0; ð15bÞ

φ w Kð Þ 1ð Þ;u Kð Þ 1ð Þ
� 	

¼ 0; ð15cÞ

c w kð Þ τð Þ;u kð Þ τð Þ
� 	

≤0; ð15dÞ

w kð Þ 1ð Þ ¼ w kþ1ð Þ 0ð Þ;1≤k≤K−1: ð15eÞ

Eq. (15e) is the linkage constraintwhich is used to keep the continu-
ity of state variables at the interface of all subintervals. Eq. (10e) can be
merged into Eq. (10d) and is transformed into Eq. (15d). The MSP in
Eqs. (15a), (15b), (15c), (15d), (15e) consists of K sub-problems corre-
sponding to K subintervals. The final control is obtained by solvingK op-
timal control problems.

3.2. Rationalized Haar function approximation

Once the MSP as shown in Eqs. (15a), (15b), (15c), (15d), (15e) is
obtained, the next step is to transfer it into a discrete NLP, which can
be solved numerically by well-developed algorithms. In this section,
this transformation is achieved by rationalized Haar function approxi-
mation [13]. On the basis of the presentation about Haar function ap-
proximation in reference [12], below deductions are made.

By applying the rationalized Haar function to each state and control
in subinterval k, the state and control can be approximated as

1
tk−tk−1

_w kð Þ
i τð Þ ¼ ΦT

H τð ÞW kð Þ
i ; ð16Þ

u kð Þ
j τð Þ ¼ ΦT

H τð ÞU kð Þ
j ; ð17Þ

whereΦH
T(τ) is the operationalmatrix, which is a r× 1 vector. i=1, 2,…,

m and j=1, 2, …, n denote the number of states and controls, respec-
tively.W, U denote the coefficient vectors of Haar function.

Assume Φ̂wðτÞ ¼ In⊗ΦHðτÞ; Φ̂uðτÞ ¼ Im⊗ΦHðτÞ; then

1
tk−tk−1

_w kð Þ τð Þ ¼ Φ̂T
w τð ÞW kð Þ; ð18Þ

u kð Þ τð Þ ¼ Φ̂T
u τð ÞU kð Þ; ð19Þ
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where In, Im denote the n × n,m ×m positive definite matrix.⊗ denotes
the Kronecker product.

The initial condition for subinterval k is

w kð Þ 0ð Þ ¼ Φ̂T
w τð Þd kð Þ

: ð20Þ

Here d is a nr × 1 vector.
Integrate Eq. (15b) from tk− 1 to tk, below equation can be obtained

w kð Þ τð Þ ¼ Φ̂T
w τð Þ d kð Þ þ tk−tk−1ð ÞP̂T

W kð Þ
h i

; ð21Þ

where P̂ is the integral matrix.
The system equations in Eq. (15b) can be written as

Φ̂T
w τð ÞW kð Þ ¼ f̂ W kð Þ;d kð Þ

;U kð Þ; τ
� 	

¼ ΦT
H τð ÞF kð Þ; ð22Þ

where F(k) = (F1(k),F2(k),K,Fn(k))T, and ðFðkÞi ÞT ¼ ½ f̂ 1W ðkÞ;dðkÞ
;UðkÞ; 1

2r ; f̂ 2

ðW ðkÞ;dðkÞ
;UðkÞ; 3

2rÞ;⋯; f̂ nðW ðkÞ;dðkÞ
;UðkÞ; 2r−1

2r Þ�TΦ̂−1
r�r . Since the same

variables are used for both w(k)(1) and w(k + 1)(0), constraints
of Eq. (15e) can be removes and constraints of Eq. (22) can be written
as

Φ̂T
w τð ÞW kð Þ þ Φ̂T

w 0ð ÞW kþ1ð Þ−ΦT
H τð ÞF kð Þ ¼ 0; ð23aÞ

Φ̂T
w τð ÞW Kð Þ−ΦT

H τð ÞF Kð Þ ¼ 0; ð23bÞ

where 1 ≤ k ≤ K− 1.
The inequality constrains in Eq. (15d) can be transformed into equal-

ity constraints by introducing ancillary function z(τ).

c w kð Þ τð Þ;u kð Þ τð Þ
� 	

þ z2 τð Þ ¼ 0: ð24Þ

z(τ) can be approximated rationalized by Haar function as z(τ) =
ΦH

T(τ)Z. Then Eq. (15d) can be reformulated as

s j W kð Þ;d kð Þ
;U kð Þ; τ

� 	
¼ ĉ j W kð Þ;d kð Þ

;U kð Þ; τ
� 	

þ ZT
jΦH τð ÞΦT

H τð ÞZT
j ; ð25aÞ

S kð Þ
� 	TΦH τð Þ ¼ 0; ð25bÞ

where S(k) = (S1(k),S2(k),K,Snc

(k)), and

Ski
� 	T

¼ s1 W kð Þ;d kð Þ
;U kð Þ; Zi;

1
2r

� �
; s2ðW kð Þ;d kð Þ

;U kð Þ;



Zi;
3
2r
Þ;⋯; snc W kð Þ;d kð Þ

;U kð Þ; Zi;
2r−1
2r

� ��TΦ−1
H :

Then another optimization sub-problem can be got,

~Je ¼ tk−tk−1ð Þ
Z 1

0
S kð Þ
� 	T

ΦH τð ÞΦT
H τð ÞS kð Þdτ

¼ tk−tk−1ð Þ S kð Þ
� 	T

DS kð Þ;

ð26Þ

where D= ∫01ΦH(τ)ΦH
T (τ)dτ.

Similarly, Eq. (15c) can be reformulated as

φ W Kð Þ;d Kð Þ
;U Kð Þ;1

� 	
¼ 0: ð27Þ

The performance index function of Eq. (15a) can be approximated
with the similar method as Eq. (22).

g w kð Þ τð Þ;u kð Þ τð Þ
� 	

¼ G kð Þ
� 	TΦH τð Þ; ð28Þ
where GðkÞT ¼ ½ĝðW ðkÞ;dðkÞ
;UðkÞ;

1
2r
Þ; ĝðW ðkÞ;dðkÞ

;UðkÞ;
3
2r

Þ;⋯; ĝðW ðkÞ;

dðkÞ
;UðkÞ;

2r−1
2r

Þ�Φ̂−1
r�r . Then Eq. (15a) can be written as

max
U kð Þ τð Þ;tk

J ¼
XK
k¼1

tk−tk−1ð Þ G kð Þ
� 	T Z 1

0
ΦH τð Þdτ: ð29Þ

Finally, the NLP that arises from rationalized Haar function approxi-
mation is used to maximize the performance index function of Eq. (29),
subjecting to algebraic constraints of Eq. (23a), (23b), (25a), (25b) and
(27).

Optimal solution of the resulting NLP fulfills the KKT conditions of
optimality based on the augmentedperformance indexwhich is defined
as Eq. (30). λ, μ, and v are the Lagrange multipliers associated with
process descriptions of Eq. (23a), (23b), path constraints of Eq. (25a),
(25b), and terminal constraints of Eq. (27) in subinterval k, respectively.
The KKT optimality conditions can be acquired by differentiating
Eq. (30) with respect to every variable and setting them to zero.

J f ¼
XK
k¼1

tk−tk−1ð Þ G kð Þ
� 	T Z 1

0
ΦH τð Þdτ−

XK
k¼1

μ kð Þ tk−tk−1ð Þ S kð Þ
� 	T

DS kð Þ

−
XK−1

k¼1

λ kð Þ
� 	 Φ̂T

w τð ÞW kð Þ þ Φ̂T
w 0ð ÞW kþ1ð Þ−ΦT

H τð ÞF kð Þ
� 	

−λ Kð Þ Φ̂T
w τð ÞW Kð Þ−ΦT

H τð ÞF Kð Þ
� 	

−vTφ W Kð Þ;d Kð Þ
;U Kð Þ;1

� 	
:

ð30Þ

3.3. Adaptive strategy

In the process of rationalized Haar function approximation, the
accuracy of results mainly depends on the order of operational matrix.
The order has to be chosen high enough to meet the given accuracy,
although this will arouse the burdensome calculation. To regulate the
order adaptively, an adaptive strategy is proposed in this section to
obtain a reasonable order, which can balance the accuracy and computa-
tional burden.

In the subinterval k, the estimation of all states ŵðkÞðτÞ can be
obtained by Eq. (21). Define the absolute error and relative error as
follows.

E kð Þ
i τ

_ kð Þ
� �

¼ W
_ kð Þ

i τ
_ kð Þ
� �

−W kð Þ
i τ

_ kð Þ
� �����

����; ð31Þ

e kð Þ
i τ

_ kð Þ
� �

¼
E kð Þ
i τ

_ kð Þ
� �

1þ max W kð Þ
i τ

_ kð Þ
� �����

����
; ð32Þ

where i=1, 2, K, n.
Then the maximal relative error can be written as

e kð Þ
max ¼ max

i ∈ 1;2;K;n½ �
e kð Þ
i τ

_ kð Þ
� �

: ð33Þ

Assume that the given accuracy tolerance is ε. For subinterval k, if
emax
(k) ≤ ε, we can conclude that the current order is reasonable. If
emax
(k) N ε, we can adopt the below equation to update the order [17].

r kð Þ
1 ¼ r kð Þ

0 þ ceil lgr kð Þ
0

e kð Þ
max

ε

 ! !
: ð34Þ

Here, ceil is the operator that rounds to the next highest integer.
On the other hand, assume that rmin, rmax are the lower bound and

upper bound of the order of operational matrix for rationalized Haar
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Fig. 2. Comparison results of injection concentration for alkali.
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function approximation in subinterval k. If the regulated order r1(k) sat-
isfies that r1(k) ≤ rmax, then r1

(k) is adopted to update the order. On the
other hand, if r1(k) N rmax which means computational burden is too
large, then the current subintervals should be further refined. Update
the number of subintervals with K′.

K 0 ¼ max ceil
r kð Þ
1

rmin

 !
;2

 !
: ð35Þ

4. Optimization procedures

In this section, the SQP [18] is adopted to solve the NLP that is de-
scribed as Eqs. (23a), (23b), (25a), (25b), (27) and (29). The specific
procedures are as follows.

(1) Initialize the parameters r0(k), rmax, rmin, the number of subinter-
vals K, the initial state w(1)(0) = 0, initial control U(1)(0) = 0,
the accuracy tolerance εJ, ε, and the current iteration l=1;

(2) Transcribe original problem to NLP with current subintervals;
(3) Calculate the states and performance index Jl of each subinterval

with current order for operational matrix in step l according to
Eqs. (21) and (30);

(4) Estimate the error emax
(k) for each subinterval;

(5) Assess the order: If emax
(k) ≤ ε, go to step 6), if not, update the order

as Eq. (34);
(6) Assess the refinement of subintervals: If r1(k) ≤ Nmax, go to step 7),

if not, update the subintervals as Eq. (35);
(7) Determine the search direction and search step length, solve the

NLP, and calculate the optimal control Ul+1
(k) and index Jl+1;

If | Jl+1 − Jl | b εJ, finish the computing process and output the opti-
mal control Ul + 1 and index Jl + 1. If not, go to step 2) and let l = 1,
carry on the procedure until | Jl+1 − Jl | satisfies the given accuracy.

5. Optimization result for ASP flooding

In this section, the optimization problem of ASP flooding in
Section 2.2 is solved by the proposed method in this paper. The three-
slug injection is adopted to calculate. There are twelve optimization
variables which are uΘ1, uΘ2, uΘ3, TΘ, where TΘ is the slug size for all
displacing agents.

Set tf =2, tP = 0.5, uamax= 2, usmax= 0.5, usmax= 0.5, upmax = 1.5,
Mp = 0.6,Ma = 0.6,Ms = 0.2.

Some essential data for solving the optimization model is shown in
Table 1.
Table 1
Partial data for solving ASP flooding model

Sign Value Sign Value Sign Value

Map 10 Msp 5 Mpp 5
Sw
0 0.35 Sor 0.02 ϕ 0.4728
Da 1.5 × 10−5 Ds 0.9 × 10−5 Dp 1 × 10−5

ρo 950 μw 0.458 μo 20
vw 0.0045 ρr 2.0 ρs 1.0
ρw 1000 L 1 A 0.077
Q 100 p0 1 cΘ0 0

Note: the specific variable declaration and unit can be found in Ref. [2].
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/

Fig. 3. Comparison results of injection concentration for surfactant.
Before optimization, we use the experimental comparison method
(ECM) to select a relatively optimal solution artificially. Give lots of differ-
ent control inputs, and compute the performance index. By the compari-
son of many times experiment results, we select the best injection
concentration and slug sizewith themaximumprofit. The injection strat-
egy is

ua
0 = (1.2,1,0.8)(%), us0 = (0.5,0.4,0.2)(g·L−1), up0 = (1,0.6,0.4)

(g·L−1), the slug size is T0 = (0.2,0.2,0.1)(PV), and the dimension-
less profit is J0 = 0.2538.
Then transform the ASP flooding problem into a NLP with proposed
method which is presented in Section 3. The parameters are set as
follows.

rmin = 4, rmax= 32, ε=10−3, εJ =10−4, K=3.
To illustrate the accuracy of proposed method, non-uniform CVP

method is introduced to solve the original problem in Section 2.2.
After being optimized, the optimal injection strategy with CVP is

u�
a ¼ 1:862;0:982;0:826ð Þ %ð Þ; u�

s ¼ 0:461;0:350;0:403ð Þ g � L�1
� 	

;

u�
p ¼ 1:415;1:171;1:024ð Þ g � L�1

� 	
; T0 ¼ 0:22;0:21;0:07ð Þ PVð Þ

The dimensionless profit is J∗=0.26385. The running time is 126.36 s.
The optimal injection strategy with proposed method is

u�
a ¼ 1:867;0:979;0:826ð Þ %ð Þ; u�

s ¼ 0:460;0:351;0:406ð Þ g � L�1
� 	

;

u�
p ¼ 1:418;1:174;1:023ð Þ g � L�1

� 	
; T0 ¼ 0:21;0:21;0:08ð Þ PVð Þ:

Thedimensionless profit is J∗ =0.26459. The running time is 79.76 s.
The results are shown in Figs. 2–5.
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Fig. 4. Comparison results of injection concentration for polymer.

T/PV

J

Fig. 5. Comparison results of performance index.
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According to these figures, the index of proposed method is
0.01079 more than that of ECM, and is very close to that of CVP. So
the result of proposedmethod is good and is consistent with the the-
oretical solution, basically. Furthermore, the running time of pro-
posed method is less than that of CVP method. Since the usage of
adaptive strategy, the order of operational matrix which can balance
the error and computational time is determined, and the discontinu-
ity points are processed more intensively. Since the proposed
method has good accuracy and operating efficiency, it is suitable
for the optimization of ASP flooding.
6. Conclusions

In this paper, a method based on adaptive rationalized Haar
function approximation has been proposed to solve optimal injec-
tion strategy for ASP flooding whose control variables are discon-
tinuous. Firstly, the original problem is converted into a
multistage problem with non-uniform CVP method. Then the ratio-
nalized Haar function method was used to approximate the states,
controls and system process, and to transform the optimization for
ASP flooding into a NLP. To regulate the discontinuity points and
balance the accuracy and efficiency, an adaptive strategy was de-
veloped based on errors. At last, the problem was optimized with
SQP. Numerical simulations were carried out to show the effective-
ness of the proposed method compared with CVP and ECM. The
method in this paper can deal with discontinuity points well, it
can be used to solve one kind of optimization problem with discon-
tinuous control variables.

Nomenclature
A cross-sectional area for the core, m2

cΘ concentration for displacing agents Θ, g·L−1

DΘ diffusion coefficient for displacing agents Θ, m2·s−1

L length of the core, m
MΘ dosage constraints for displacing agents Θ, kg
p pressure, MPa
Q volume flow rate, m3

Sor residual oil saturation
Sw water saturation
vw flow velocity, m·s−1

μ viscosity, μm2

ρ density, kg·m−3

ϕ porosity of the core

Subscripts
a alkali

o oil
p polymer
s surfactant
w water
Θ mathematical set for alkali, surfactant and polymer
Ψ mathematical set for surfactant and polymer
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Appendix A

The relevant physicochemical algebraic equations are shown as
below:

A1. Alkali consumption

Many kinds of conditions can influence the alkali consumption,
while only the adsorption consumption, acidoid consumption and
heavy metal ion consumption are considered in this paper to
describe the mechanism well and simply. The alkali consumption is
given through the chemical reaction term ri, which is defined as
follows:

ROH ¼ −ϕSw
∂
∂t

r1 þ r2 þ r3ð Þ; ðA1Þ

where ri is the alkali consumption per unit volume of different
effects, the specific forms are as follows: [20]

(1) The rapid alkali consumption r1 caused by the ion exchange
between Na+ in solution and H+ on rock surface. This effect
can be expressed as the Langmuir isothermal adsorption
equation:

r1 ¼ r01
a1cOH

1þ a1cOH
; ðA2Þ

where r1 is the maximal alkali consumption of this effect, a1 is the
coefficient, they are set by experimental data.

(2) The alkali consumption r2 caused by acidoid is

r2 ¼ r2 HAw; cOHð Þ: ðA3Þ

The curve of r2 under different acidity and alkalinity can be obtained
through experiment.

(3) The alkali consumption r3 caused by Ca2+, Mg2+ acidoid in oil is

r3 ¼ r3 KCa2þ ;KMg2þ ; cOH
� 	

; ðA4Þ

where KCa2+, KMg2+ denote the solubility product.

A2. Surface tension

Surface tension varies with the concentration of alkali, surfactant
and polymer. The form is [20]

σ ¼ σ cOH; cp; cs
� �

: ðA5Þ
A3. Capillary pressure

The capillary pressure of compound system can be described as the
function of oil/water capillary pressure and surface tension, that is [20]

pcow Swð Þ ¼ CPC �
ffiffiffiffiffiffi
ϕ
Ka

s
� 1−Snð ÞNPC ; ðA6Þ

where CPC, NPC denote the constant, Sn is the wet phase saturation.

A4. Surfactant adsorption

Crs ¼ C0
rs

ascs
1þ ascs

1−bs
pH−7

pHmax−7

� �
; ðA7Þ

where Crs
0 , as are related to the ion concentration, pHmax is the pH value

of the injection fluid, bs is the coefficient [21].

A5. Polymer adsorption

Considering that the relation of polymer adsorption is reversible
with salinity, and is irreversible with concentration, the adsorption
can be described as follows according to Langmuir isothermal adsorption
law [21].

Crp ¼ Cmax
rp

a1cp
1þ b1cp

; ðA8Þ

where Crpmax is themaximal adsorption capacity to rock surface of polymer
under different salinities, a1, b1 are the adsorption equilibrium constant.

A6. Relative permeability

The relative permeability of oil phase kro and water phase krw are
usually given by interpolation method in the process of model solution.
Here the formula proposed in reference [22] is adopted.

Krw;ro ¼ A � 1−Swð ÞB � Sw−Cð ÞD; ðA9Þ

where A, B, C, and D denote the coefficients which are identified by the
data of kro and krw.

Since the addition of displacing agent, the permeability reduction
factor has to be considered.

Rk ¼ 1þ Rmax
k −1

� � � qθ
qmax
θ

; ðA10Þ

where qθ, Rk denote the adsorption capacity of displacing agent and
permeability reduction factor of water phase under different salinity,
respectively.

A7. Liquid viscosity

For the displacing liquid of ASP flooding, the relation between
viscosity μ and shear rate _γ can be expressed by Meter equation as [21]

μASP ¼ μw þ μ0
p−μw

1þ _γ˙
_γ˙
1=2 �

Pa−1
;


 ðA11Þ

where _γ1=2 is the shear rate when viscosity μ is equal to the mean value
of μp0 and μw, Pa is the economic coefficient.
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A8. Residual saturation

The residual saturation is relevant to the capillary number Nc, and
can be obtained through the experiments [21].

Nc ¼
∑ jμ j

�V j

��� ���
σ

; ðA12Þ
Srj ¼ Srj Ncð Þ; ðA13Þ

where Srj denotes the residual saturation of phase j.


